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SOME REMARKS ON FLATNESS OF MORPHISMS OVER
SMOOTH BASE SPACES
LEˆ COˆNG-TRI`NH
Abstract. In this paper we study flatness of the restriction on some special
subgerms (e.g. the reduction and the unmixed part) of the total space of
a flat morphism over a smooth base space. We give a relationship between
reducedness of the total space and that of the generic fibers of a flat morphism
over a reduced Cohen-Macaulay base space. Moreover, we study flatness of the
composition of a flat morphism over a smooth base space and the normalization
of the total space of that morphism.
1. Introduction
Let f : (X, x)→ (S, 0) be a morphism of complex germs. Denote by (Xred, x) the
reduction of (X, x) and i : (Xred, x) →֒ (X, x) the inclusion. Let νred : (X, x) →
(Xred, x) be the normalization of (Xred, x), where x := (νred)−1(x). Then the
composition ν : (X, x)
νred
→ (Xred, x)
i
→֒ (X, x) is called the normalization of (X, x).
We define
f red := f ◦ i : (Xred, x)→ (S, 0) and f¯ := f ◦ ν : (X, x)→ (S, 0).
Let (X ′, x) ⊆ (X, x) be the subgerm defined by the intersection of some primary
or prime ideals of OX,x. In particular, the intersection of all minimal prime ideals
of OX,x which are of dimension dim(X, x) is called the unmixed subgerm of (X, x)
and denoted by (Xu, x). Let ν′ : (X ′, x)→ (X ′, x) be the normalization of (X ′, x).
Denote by f ′ : (X ′, x) → (S, 0) the restriction of f on (X ′, x) and f¯ ′ := f ◦ ν′ :
(X ′, x)→ (S, 0).
An interesting question is that whether f¯ and f¯ ′ are flat whenever f is flat?
This question arises in the theory of simultaneous resolution and simultaneous
normalization of families of singularities (cf. [Tei1], [Tei2],[BG], [Ch-Li], [Ko2],
[Le],...). In this theory, almost all results were obtained for the case where the
total space (X, x) is assumed to be reduced (i.e. (Xred, x) = (X, x)) and pure
dimensional (i.e. (Xu, x) = (Xred, x)). Therefore, to avoid this assumption, a
natural question arises: whether f red and f
′
are flat whenever f is flat? This
question was studied by Douady ([Do]) (resp. Cowsik and Nori ([C-N])) for the
restriction f red of a finite and flat morphism f over a reduced 1-dimensional base
space (resp. over (C2, 0)); by Bru¨cker and Greuel ([BG]) for the restriction on the
reduction f red and the restriction on the unmixed subgerm fu of a flat morphism
over (C, 0) whose total space is of dimension 2. The main aim of this paper is to
study these questions for a flat morphism f : (X, x) → (S, 0) whose total space
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(X, x) is of arbitrary dimension and whose base space (S, 0) is smooth of dimension
k ≥ 1.
In section 2 we study firstly flatness of the restrictions f red and f
′
in the case
S = C (see Proposition 2.1). Then we show in Theorem 2.6 that over reduced
Cohen-Macaulay base spaces of dimension ≥ 1, assuming reducedness of the generic
fibers, the total space (X, x) is reduced. This gives a criterion to verify reducedness
of the total spaces of flat morphisms over reduced Cohen-Macaulay base spaces.
Moreover, Theorem 2.6 implies that f red ≡ f , hence we have nothing to do with
flatness of f red in this context.
We study flatness of the compositions f¯ and f¯ ′ in section 3. We show in Propo-
sition 3.2 that if f : (X, x)→ (C, 0) is flat then so are f¯ and f¯ ′ . For the case where
(S, 0) is smooth of dimension k ≥ 1, assuming reducedness of the generic fibers,
we show in Theorem 3.3 that if f is flat then so is f¯ . At the end of this section
we concentrate on flatness of f¯ when (S, s) is normal. Using a result of Kolla´r in
[Ko1], we give a sufficient condition for flatness of f¯ in Proposition 3.6.
2. Flatness of restrictions and generic reducedness
Let f : (X, x) → (S, 0) be a flat morphism of complex germs. In the first
part of this section we study flatness of the restrictions f red and f
′
, and then we
concentrate on the relation between the reducedness of the total space (X, x) and
that of generic fibers of f . This gives a way to check reducedness of the total space
of a flat morphism.
Douady ([Do]) gave an example of a finite and flat morphism over a reduced
1-dimensional base space (S, 0) whose restriction f red is not flat (cf. [Do], or [Fi,
Example, p.151]). Another example with S = C2 and f finite was given by Cowsik
and Nori ([C-N]).
For the case S = C and dim(X, x) = 2, it is shown in [BG, Prop. 1.2.2] that
f red and fu is flat whenever f is flat. In the following we have a generalization of
this result for case where (X, x) is of arbitrary dimension.
Proposition 2.1. If f : (X, x)→ (C, 0) is flat, then f red and f
′
are flat.
Proof. Since f is flat, it is a non-zerodivizor of OX,x. We know that the set of
zerodivisors of OX,x (resp. of OXred,x) is the union of all associated (resp. minimal)
prime ideals of OX,x . It follows that f does’n belong to any associated prime of
OX,x, hence f does’n belong to any minimal prime of OX,x, i.e. f
red is a non-
zerodivisor of OXred,x. It follows that f
red is flat. Moreover, the set of associated
primes of OX′ ,x is contained in that of OX,x, it follows also that f
′
is a non-
zerodivisor of OX′ ,x, that is f
′
is flat.

In the following we concentrate on the relation between reducedness of the total
space and that of the generic fibers of a flat morphism f : (X, x)→ (S, 0). First we
introduce the notion of generically reduced complex spaces and generically reduced
morphisms of complex spaces.
Definition 2.2. Let f : X → S be a morphism of complex spaces. Denote by
Red(X) the set of all reduced points of X and
Red(f) = {x ∈ X |f is flat at x and f−1(f(x)) is reduced at x}
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the reduced locus of f . We say
(1) X is generically reduced if Red(X) is open and dense in X;
(2) X is generically reduced over S if there is an analytically open dense set
V in S such that f−1(V ) is contained in Red(X);
(3) the generic fibers of f are reduced if there is an analytically open dense set
V in S such that Xs := f
−1(s) is reduced for all s in V .
It is well-known that if the special fiber (X0, x) := (f
−1(0), x) and (S, 0) are
reduced then the total space (X, x) is reduced (cf. [GLS, Theorem I.1.101]). Al-
though we can not say any thing about reducedness of the special fiber (X0, x), we
may have reducedness of the generic fibers of f under some certain conditions.
Proposition 2.3. Let f : (X, x) → (S, 0) be flat with (S, 0) reduced. Assume that
there is a representative f : X → S such that its restriction on the non-reduced
locus NRed(f) := X \ Red(f) is proper and X is generically reduced over S. Then
the generic fibers of f are reduced.
Proof. NRed(f) is analytically closed inX (cf. [GLS, Corollary I.1.116]). Moreover,
sinceX is generically reduced over S, there exists an analytically open dense set U in
S such that f−1(U) ⊆ Red(X). Then, by properness of the restriction NRed(f)→
S, f(NRed(f)) is analytically closed and nowhere dense in S by [BF, Theorem
2.1(3), p.56]. This implies that V := S \ f(NRed(f)) is analytically open dense in
S, and for all s ∈ V , Xs := f
−1(s) is reduced. Therefore the generic fibers of f are
reduced. 
Corollary 2.4. Let f : (X, x) → (S, 0) be flat with (S, 0) reduced. Assume that
X0 \ {x} is reduced and there exists a representative f : X → S such that X is
generically reduced over S. Then the generic fibers of f are reduced.
In particular, if X0 \ {x} and (X, x) are reduced then the generic fibers of f are
reduced.
Proof. Since f is flat, we have
NRed(f) ∩X0 = NRed(X0) ⊆ {x},
where NRed(X0) denotes the set of non-reduced points of X0. This implies that
the restriction f : NRed(f) → S is finite, hence proper. Then the first assertion
follows from Proposition 2.3. Moreover, if (X, x) is reduced then there exists a rep-
resentative X of (X, x) which is reduced. Then X is obviously generically reduced
over some representative S of (S, s). Hence we have the last assertion. 
Remark 2.5. The assumption on reducedness of X0 \ {x} in Corollary 2.4 is
necessary for reducedness of generic fibers, even for the case S = C. In fact, let
(X0, 0) ⊆ (C
3, 0) be defined by the ideal
I0 =
〈
x2, y
〉
∩
〈
y2, z
〉
∩
〈
z2, x
〉
⊆ C{x, y, z}
and (X, 0) ⊆ (C4, 0) defined by the ideal
I =
〈
x2 − t2, y
〉
∩
〈
y2 − t2, z
〉
∩
〈
z2, x
〉
⊆ C{x, y, z, t}.
Let f : (X, 0)→ (C, 0) be the restriction on (X, 0) of the projection on the fourth
component π : (C4, 0) → (C, 0), (x, y, z, t) 7→ t. Then f is flat, X \X0 is reduced,
hence X is generically over some representative T of (C, 0). However the fiber
(Xt, 0) is not reduced for any t 6= 0. Note that in this case X0 \ {0} is not reduced.
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The following result shows that over a reduced Cohen-Macaulay base space,
reducedness of the generic fibers of f ensures for that of its total space.
Theorem 2.6. Let f : (X, x) → (S, 0) be flat with (S, 0) reduced Cohen-Macaulay
of dimension k ≥ 1. If there exists a representative f : X → S whose generic fibers
are reduced then (X, x) is reduced.
Proof. We divide the proof of this part into two steps.
Step 1: S = Ck. Then f = (f1, · · · , fk) : (X, x)→ (C
k, 0) is flat.
For k = 1, assume that there exists a representative f : X → T such that Xt :=
f−1(t) is reduced for every t 6= 0. Then for any y ∈ X \ X0 we have (Xf(y), y)
is reduced. It follows that (X, y) is reduced (cf. [GLS, Theorem I. 1.101]). Thus
X \X0 is reduced. To show that (X, x) is reduced, let g be a nilpotent element of
OX,x. Then we have
supp(g) = V (Ann(g)) ⊆ X0 = V (f).
It follows from Hilbert-Ru¨ckert’s Nullstellensatz (cf. [GLS, Theorem I.1.72]) that
fn ∈ Ann(g) for some n ∈ Z+. Hence f
ng = 0 in OX,x. Since f is flat, it is a
non-zerodivisor OX,x. Then f
n is also a non-zerodivizor of OX,x. It follows that
g = 0. Thus (X, x) is reduced, and the statement is true for k = 1.
For k ≥ 2, suppose there is a representative f : X → S and an analytically open
dense set V in S such that Xs is reduced for all s ∈ V . Let us denote by H the line
H := {(t1, · · · , tk) ∈ C
k|t1 = · · · = tk−1 = 0}.
Denote by A the complement of V in S. Then A is analytically closed and nowhere
dense in S. We can choose coordinates t1, · · · , tk and a representative of (C
k, 0)
such that A ∩H = {0}.
Denote f ′ := (f1, · · · , fk−1). Since f is flat, f1, · · · , fk−1 is an OX,x-regular se-
quence, hence f ′ : (X, x) → (Ck−1, 0) is flat with the special fiber (X ′, x) :=
(f ′−1(0), x) = (f−1(H), x). Since f is flat, fk is a non-zerodivisor ofOX,x/f
′OX,x =
OX′,x, hence the morphism fk : (X
′, x) → (C, 0) is flat. For any t ∈ C \ {0} close
to 0, we have (0, · · · , 0, t) 6∈ A, hence f−1k (t) = f
−1(0, · · · , 0, t) is reduced. It
follows from the case k = 1 that the total space (X ′, x) of fk is reduced. Since
f ′ : (X, x) → (Ck−1, 0) is flat whose special fiber is reduced, (X, x) is reduced (cf.
[GLS, Theorem I.1.101]), and we have the proof for this step.
Step 2: (S,0) is Cohen-Macaulay of dimension k ≥ 1. Since (S, 0) is Cohen-
Macaulay, there exists an OS,0-regular sequence g1, · · · , gk, where gi ∈ OS,0 for
every i = 1, · · · , k. Then the morphism
g = (g1, · · · , gk) : (S, 0) −→ (C
k, 0), t 7−→
(
g1(t), · · · , gk(t)
)
is flat. We have
dim(g−1(0), 0) = dimOS,0/(g1, · · · , gk)OS,0 = 0
(cf. [GLS, Prop. I.1.85]). This implies that g is finite. Let g : S → T be a
representative which is flat and finite, where T is an open neighborhood of 0 ∈ Ck.
Then the composition h = g ◦ f : X −→ T (for some representative) is flat. To
apply Step 1 for h, we need to show the existence of an analytically open dense
set U in T such that all fibers over U are reduced. In fact, since S is reduced,
its singular locus Sing(S) is closed and nowhere dense in S (cf. [GLS, Corollary
I.1.111]). It follows that A ∪ Sing(S), A as in Step 1, is closed and nowhere dense
in S. Then the set U := T \ g(A∪Sing(S)) is open and dense in T by the finiteness
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of g. Furthermore, for any t ∈ U , g−1(t) = {t1, · · · , tr}, ti ∈ V ∩ (S \ Sing(S)). It
follows that h−1(t) = f−1(t1) ∪ · · · ∪ f
−1(tr) is reduced.
Now applying Step 1 for the flat map h : X → T , we have reducedness of (X, x).
The proof is complete. 
The following result is a direct consequence of Corollary 2.4 and Theorem 2.6.
Corollary 2.7. Let f : (X, x)→ (S, 0) be flat with (S, 0) reduced Cohen-Macaulay
of dimension k ≥ 1. Suppose X0 \ {x} is reduced and there exists a representative
f : X → S such that X is generically reduced over S. Then (X, x) is reduced.
Since normal surface singularities are reduced and Cohen-Macaulay, we have
Corollary 2.8. Let f : (X, x) → (S, 0) be flat with (S, 0) a normal surface singu-
larity. If there exists a representative f : X → S whose generic fibers are reduced
then (X, x) is reduced.
3. Flatness of the composition with the normalization
Let f : (X, x) → (S, 0) be a flat morphism of complex germs. In this section
we study flatness of the compositions f¯ and f¯ ′ , which plays an important role in
the study of simultaneous resolution (cf. [Tei2]), simultaneous normalization and
equinormalizable deformation (cf. [Tei1], [BG], [Ch-Li], [Ko2], [Le]) of singularities.
It was also studied by Kolla´r in [Ko1] and [Ko2] for local and global schemes.
For S = C, in [BG, Proposition 1.2.2] the authors showed that if f : (X, x) →
(C, 0) is flat with dim(X, x) = 2 then f¯ and f¯u are flat. In the case where the total
space (X, x) is of arbitrary dimension we have also the same conclusion as shown
in Proposition 3.2 below. We need the following lemma.
Lemma 3.1. Let (X, x) be a reduced complex germ and ν : (X, x) → (X, x) its
normalization. Then there exists a non-zerodivizor h ∈ OX,x such that h(ν∗OX)x ⊆
OX,x.
Proof. Denote by (N, x) the set of non-normal points of (X, x) which is nowhere
dense in (X, x) since (X, x) is reduced (cf. [GLS, Corollary I.1.111]). It follows
from the prime avoidance theorem that there exists some h ∈ OX,x which vanishes
along (N, x) but not along any irreducible component of (X, x). This implies that
h is a non-zerodivizor of OX,x.
Denote by C := AnnOX,x
(
(ν∗OX/OX)x
)
the conductor of OX,x. Its vanishing
locus is (N, x). It follows from Hilbert-Ru¨ckert Nullstellensatz (cf. [GLS, Theorem
I.1.72]) that there exists some positive integer number n such that hn ∈ C, i.e.
we have hn(ν∗OX)x ⊆ OX,x. Denote also by h the element h
n. Then h is a
non-zerodivizor of OX,x and h(ν∗OX)x ⊆ OX,x.

Proposition 3.2. If f : (X, x)→ (C, 0) is flat, then f¯ and f¯ ′ are flat.
Proof. It is sufficient to show flatness of f¯ , then flatness of f¯ ′ follows. Since f red is
flat by Proposition 2.1, by replacing f by f red and X by Xred we may assume that
(X, x) is reduced. Then by Lemma 3.1, there exists a non-zerodivizor h ∈ OX,x
such that h(ν∗OX)x ⊆ OX,x. Equivalently, (ν∗OX)x ⊆ h
−1OX,x. Since f is flat, it
is a non-zerodivizor of OX,x ∼= h
−1OX,x. This implies that f¯ is a non-zerodivizor
of (ν∗OX)x, i.e. f¯ is flat. 
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Now we consider the case S = Ck, k ≥ 1. Then we have flatness of f¯ under the
assumption on reducedness of the generic fibers of f .
Theorem 3.3. Let f = (f1, · · · , fk) : (X, x) → (C
k, 0), k ≥ 1, be flat. Assume
there exists a representative f : X → S such that the generic fibers of f are reduced.
Then f¯ = (f¯1, · · · , f¯k) : (X, x)→ (C
k, 0) is flat.
Proof. For simplicity we denote
O := OX,x, O := (ν∗OX)x.
We prove by induction on k ≥ 1 that f¯k is a non-zerodivizor of O/(f¯1, · · · , f¯k−1)O,
and that there exists an exact sequence
0→ O/(f¯1, · · · , f¯k−1)O → h
−1
(
O/(f1, · · · , fk−1)O
)
→ O/(f1, · · · , fk−1, h)O → 0.
(3.1)
For k = 1, it follows from Proposition 3.2 that f¯1 is a non-zerodivizor of O. More-
over, since (X, x) is reduced by Theorem 2.6, it follows from Lemma 3.1 that there
exists a non-zerodivizor h ∈ O such that O ⊆ h−1O. Then we have the exact
sequence
0→ O → h−1O → h−1O/O ∼= O/hO → 0.
For k ≥ 2, assume by induction hypothesis that f¯k−1 is a non-zerodivizor of
O/(f¯1, · · · , f¯k−2)O and there exists an exact sequence
0→ O/(f¯1, · · · , f¯k−2)O → h
−1
(
O/(f1, · · · , fk−2)O
)
→ O/(f1, · · · , fk−2, h)O → 0.
Since f is flat, f1, · · · , fk−1 is an O-regular sequence, hence the morphism f
′ =
(f1, · · · , fk−1) : (X, x) → (C
k−1, 0) is flat. By the proof of Theorem 2.6, un-
der the assumption on reducedness of the generic fibers of f , the special fiber
(X ′, x) := (f ′−1(0), x) of f ′ is reduced. Then by Lemma 3.1, we can choose h to
be a non-zerodivizor of OX′,x = O/f
′O. It follows that fk−1 is a non-zerodivizor
of O/(f1, · · · , fk−2, h)O.
Note that the O-ideal (f1, · · · , fk−2, h)O is the integral closure of (f1, · · · , fk−2, h)O
in the total ring of fractions of O, hence the O-ideals (f1, · · · , fk−2, h)O and
(f1, · · · , fk−2, h)O have the same associated primes. It follows that fk−1 is a non-
zerodivizor of O/(f1, · · · , fk−2, h)O. Consider the commutative diagram
0 //O/(f¯1, · · · , f¯k−2)O //
·f¯k−1 
h−1
(
O/(f1, · · · , fk−2)O
)
// //
·fk−1 
O/(f1, · · · , fk−2, h)O //
·fk−1
0
0 //O/(f¯1, · · · , f¯k−2)O // h
−1
(
O/(f1, · · · , fk−2)O
)
// //O/(f1, · · · , fk−2, h)O // 0
Since fk−1 is a non-zerodivizor of O/(f1, · · · , fk−2)O ∼= h
−1
(
O/(f1, · · · , fk−2)O
)
,
the middle arrow is injective. Moreover, by induction hypothesis, the first arrow
is injective. Furthermore, as we have shown above, fk−1 is a non-zerodivizor of
O/(f1, · · · , fk−2, h)O, hence the third arrow is also injective. Then we get from the
snake lemma the exact sequence (3.1).
Now, since fk is a non-zerodivizor ofO/(f1, · · · , fk−1)O ∼= h
−1
(
O/(f1, · · · , fk−1)O
)
,
it follows that f¯k is a non-zerodivizor of O/(f¯1, · · · , f¯k−1)O. This implies that
f¯ : (X, x)→ (Ck, 0) is flat. 
As an immediate consequence of this theorem and Corollary 2.8, we get the
following:
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Corollary 3.4. Let f : (X, x)→ (Ck, 0), k ≥ 1, be flat. Assume X0\{x} is reduced
and there exists a representative f : X → S such that X is generically reduced over
S. Then f¯ : (X, x)→ (Ck, 0) is flat.
In the following we study flatness of f¯ in the case where the base space (S, 0) is
normal. As a corollary of the work of Teissier/Raynaud and Chiang-Hsieh/Lipman
on simultaneous normalizations of families of reduced curve singularities, we have
the following result.
Theorem 3.5 ([Tei2], [Ch-Li], [GLS, Theorem II.2.56]). Let f : (X, x) → (S, 0)
be flat with (S, 0) normal, (X, x) pure dimensional. Assume that the special fiber
(X0, x) is a reduced curve singularity. If the delta-invariant
1 δ(Xs) is the same for
all s in some neighborhood of 0 then f¯ is flat.
The following result is a consequence of a flatness criterion given by Kolla´r in
[Ko1, Corollary 11].
Proposition 3.6. Let f : (X, x)→ (S, 0) be flat with (X, x) reduced, (S,0) normal.
Let ν : (X, x) → (X, x) be the normalization of (X, x) and f¯ := f ◦ ν. Denote
X0 := f¯
−1(0). Assume that
(1) (X0, x) is generically reduced and (X0)
red is normal at every z ∈ x.
(2) f has pure relative dimension n for some n ≥ 0.
Then f¯ is flat and X0 is normal at every z ∈ x.
Proof. We verify that the morphism f¯ satisfies all conditions proposed by Kolla´r in
[Ko1, Corollary 11]. Note that the induced map on the fibers ν0 : (X0, x)→ (X0, x)
is finite and surjective, hence f¯ has pure relative dimension n. Therefore, it is
sufficient to show that X0 is generically reduced.
First we show that ν(NNor(X0)) ⊆ NNor(X0). In fact, if y 6∈ NNor(X0) then X0
is normal at y. Since f is flat and S is normal at 0, X is normal at y (cf. [GLS,
Theorem I.1.101]). Therefore we have the isomorphism (X, z)
∼=
−→ (X, y) for every
z ∈ ν−1(y). It induces an isomorphism on the fibers (X0, z)
∼=
−→ (X0, y), hence X0
is normal at every point z ∈ ν−1(y). It follows that y 6∈ ν(NNor(X0)).
Then, for any z ∈ NNor(X0), since NNor(X0) is nowhere dense in X0, by Ritt’s
lemma (cf. [GR, Chapter 5, §3, 2, p.103]) and by the dimension formula (when f
is flat) we have
dim(ν(NNor(X0)), ν(z)) ≤ dim(NNor(X0), ν(z)) < dim(X0, ν(z))
= dim(X, ν(z))− dim(S, 0) = dim(X, z)− dim(S, 0) ≤ dim(X0, z).
Furthermore, the restriction ν0 : X0 −→ X0 is finite. Hence
dim(ν(NNor(X0)), ν(z)) = dim(NNor(X0), z) (cf. [Fi, Corollary, p.141]).
It follows that for any z ∈ NNor(X0) we have dim(NNor(X0), z) < dim(X0, z),
i.e., NNor(X0) is nowhere dense in X0 by Ritt’s lemma. This implies that X0 is
generically normal, whence generically reduced. Then the statement follows from
[Ko1, Corollary 11]. 
1Let C be a reduced curve and x ∈ C. Let ν : (C, x) → (C, x) be the normalization of (C, x).
Then the delta-invariant of C at x is defined by δ(C, x) := dimC(ν∗OC)x/OC,c < ∞. The delta-
invariant of C is defined by δ(C) :=
∑
x∈Sing(C) δ(C, c), where Sing(C) denotes the (finite) set
of singular points of C. Definition for the delta-invariant of isolated (not necessarily reduced)
singularities can be seen in [BG] (for curve singularities) and [Le].
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